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This grouping of the trajectories according to the values of
the total energy constant, that is, into natural families, is funda-
mental in most dynamical investigations relating to conservative
forces, in particular, those connected with the principle of least
action and the developments of Hamilton and Jacobi. From
this point of view, dynamical problems relating to the same
field of force, but having distinct values of h, are considered as
essentially distinct problems. Quoting Darboux: "This re-
striction is in accordance with the spirit of modern mechanics
which attaches less importance to force than to energy, and which
permits us to regard as distinct two problems in which the force
function or work function is the same, but the total energy is
different/'

It therefore seems of interest to work out the purely geometric
properties of natural families. According to the principle of
least action, such a family is made up of the extremals defined
by the variation problem

j ^yy ~{- hd$ = minimum,

that is, the curves which cause the first variation of the integral
to vanish.    This follows from the fact that the speed V, in the

action integral fvda, is determined by the energy equation

Abstractly, a natural family of curves may be defined as one
which can be regarded as the totality of extremals connected
with a variation problem of the form

J Fds = minimum,

where F is any point function, that is, any function of x, y, z in
the three-dimensional case.

Such families arise not only in the discussion of trajectories,
but also, for example, in the discussion of brachistochrones,
catenaries, optical rays, geodesies, and contact transformations.ed hori/otitu! plane; and
